Abstract. In this paper, we classify smooth 5-manifolds with fundamental group isomorphic to Z/2 and universal cover diffeomorphic to S 2 × S 3 . As a consequence, a classification of smooth free involutions on S 2 × S 3 up to conjugation is obtained.
Introduction
The study of group actions on manifolds is an important topic of topology. Free involutions on manifolds have been studied by several authors. Free involutions on the spheres S n were studied by Wall, Browder, Liversay, Lopez de Medrano and others. In [4] , Hambleton studied the existence of free involutions on simply-connected 5-manifolds with trivial second Stiefel-Whitney class. A classification of free involutions on simplyconnected 5-manifolds with torsion free second homology and trivial action on H 2 is obtain by Hambleton and Su in [6] .
The classification of free involutions on a manifold up to conjugation is equivalent to the classification of the quotient spaces. In the paper we study the classification of smooth 5-manifolds with fundamental group Z/2 and universal cover S 2 × S 3 , and henceforth obtain a classification of smooth free involutions on S 2 × S 3 . Before stating the main theorem, we give some examples of smooth free involutions on S 2 ×S 3 . First of all, there are some obvious examples. Let T i = (−1, τ i ) :
be a free involution, where −1 denotes the antipodal map on S 2 and τ i is the restriction of a linear map with i (−1)-eigenvalues and (4 − i) 1-eigenvalues, i = 0, 1, 2, 3, 4. We denote the corresponding quotient manifold by Y i . Let η 2 be the canonical line bundle ove RP 2 , then Y i is the sphere bundle of the vector bundle iη 2 ⊕ (4 − i)R. Similarly, let T ′ i = (τ ′ i , −1) : S 2 × S 3 → S 2 × S 3 be a free involution, where −1 denotes the antipodal map on S 3 and τ ′ i is the restriction of a linear map with i (−1)-eigenvalues and (3 − i) 1-eigenvalues, i = 0, 1, 2, 3. We denote the corresponding quotient manifold by Z j . Let η 3 be the canonical line bundle ove RP 3 , then Z j is the sphere bundle of the vector bundle jη 3 ⊕ (3 − j)R Other classes of examples are given by the following constructions. S 2 × S 3 can be realized as the link Σ 5 q of a Brieskorn singularity of type A q , q = 0, 2, 4, 6, 8. There is a smooth free involution T on Σ 5 q induced by an involution of the ambient space. We denote the quotient manifold by Σ 5 q /T . On the other hand, by the S 1 -connected sum operation on 5-dimensional fake projective spaces, we obtain manifolds X 5 (q) (q = 0, 2, 4, 6, 8) with π 1 (X 5 (q)) ∼ = Z/2 and universal cover S 2 × S 3 . Detailed description of these manifolds will be given in Section 2. These manifolds correspond to nonlinear involutions on S 2 × S 3 and appear in the main theorem. Let T : S 2 ×S 3 → S 2 ×S 3 be a smooth free involution, M 5 = S 2 ×S 3 /T be the quotient space. Then according to the action of T on π 2 (S 2 × S 3 ), as a Z[Z/2]-module, π 2 (M) is isomorphic to Z + (the trivial module) or Z − (the nontrivial module). The second space of the Postnikov tower of M, P 2 (M), is a fibration over RP ∞ with fiber CP ∞ . By [1] , there are two such fibrations in the Z − -case, one admits a section and the other one doesn't. We denote the former by P and the latter by Q. More precise constructions of P and Q will be given in Section 2. Theorem 1.1. Let M 5 be a smooth 5-manifold with π 1 (M) ∼ = Z/2 and universal cover
(1) If π 2 (M) ∼ = Z + , then M is orientable, and the classification of M up to diffeomorphism is given in the following table /± = {0, 1, . . . , 8}. (3) If π 2 (M) ∼ = Z − and M is nonorientable, then the classification of M up to diffeomorphism is given in the following table
As a corollary, we have a classification of smooth free involutions on S 2 × S 3 .
Corollary 1.2. There are exactly 12 orientation preserving smooth involutions on S 2 ×S 3 and 3 orientation reversing ones. The quotient spaces are given in the above tables.
Remark 1.3. It will be interesting to give explicit description of the involutions with quotient space X 5 (q).
Remark 1.4. There are topological free involutions on S 2 ×S 3 which are not conjugate to smooth ones. In [6] , a 5-manifold * (S 2 × RP 3 ) is constructed. This manifold is homotopy equivalent to S 2 × RP 3 , but doesn't admit any smooth structure. Therefore the decktransformation on the universal cover is a non-smoothable free involution on S 2 ×S 3 . The method of this paper is also valid for the classification in the topological category.
The outline of this paper is as follows: in Section 2 description and properties of the second space of the Postnikov towers, and constructions of the manifolds in Theorem 1.1 are given. We also review briefly some basic concepts about the characteristic submanifold. Theorem 1.1 is proved in Section 3, using the method of modified surgery developed in [8] .
2. Preliminaries §2A. Second space of the Postnikov tower. Let M 5 be the quotient space of a free involution on S 2 × S 3 , then π 1 (M) ∼ = Z/2 and π 2 (M) ∼ = Z. Accoring to [1] , the second space of the Postnikov tower of M, P 2 (M), is a fibration over RP ∞ with fiber CP ∞ , and such a fibration is determined by its k-invariant k ∈ H 3 (RP ∞ ; π 2 (CP ∞ )), which is the obstruction for a section.
If
, there are two such fibrations up to fiber homotopy equivalence. These can be described as follows:
Let c denote the complex conjugation on CP ∞ , (−1) denote the antipodal map on
, where x is any preimage of x in S ∞ . There is a free involution τ on CP ∞ , with τ * = (−1) on
, then there is a fibration CP ∞ → Q → RP ∞ which corresponds to the nontrivial k-invariant. For details see [10, pp. 44] The homology groups of Q were calculated by Olbermann in [10] Lemma 2. 
Analogously, we compute the homology groups of P :
, where t is the pull-back of the nontrivial element of H 1 (RP ∞ ; Z/2) and x restricts to the nontrivial element of H 2 (CP ∞ ; Z/2). (2) the integral homology of P up to dimension 6 is given by
Proof. We apply the Serre spectral sequence for H * (−; Z/2) to the fibration
Since there is a section σ : RP ∞ → P , all E 2 p,0 -terms survive to infinity. By the multiplicative structure of the spectral sequence, this implies that
. Using the Serre spectral sequence for H * (−; Z) and the universal coefficient theorem one computes H * (M; Z) in low dimensions. Using the Bockstein sequence associated to the short exact sequences
The long exact sequence associated to the coefficient sequence
where f 2 : Z 1 → P is the second stage Postnikov map. By comparison of the Serre spectral sequences of the two fibrations, we see that f 2 * : H 5 (Z 1 ; Z/2) → H 5 (P ; Z/2) is injective and the image is dual to t 3 x. Therefore from the commutative diagram
we conclude that the image of
Thus H 2 (M) is either trivial or isomorphic to Z/2. We see from Lemma 2.1 and Lemma 2.2 that these two cases correspond to the different Postnikov towers. Lemma 2.5. Let M 5 be the quotient space of an orientation preserving free involution on 
Lemma 2.6. Let M 5 be the quotient space of a free involution on S 2 ×S 3 with P 2 (M) = P . Then M is nonorientable and w 2 (M) = 0.
Proof. That M is nonorientable is a consequence of the previous lemma. To show that w 2 (M) = 0, consider the cohomology Serre spectral sequence with Z/2-coefficients for
where t is the pull-back of the nontrivial element of H 1 (RP ∞ ; Z/2) and x restricts to the nontrivial element of
by Lemma 2.2 and the structure of H 3 (M; Z/2), both f * 2 are isomorphsims. Therefore we only need to determine Sq 1 x for a special M. Consider the manifold Z 1 = S(η 3 ⊕ 2R). It is easy to compute that H 2 (Z 1 ) = Z/2 and w 2 (Z 1 ) = 0. This implies that Sq 1 x = tx and v 2 = t 2 . Hence w 2 (M) = 0. §2B. Characteristic submanifolds and Pin ± -structures. Recall that for a manifold M n with fundamental group Z/2, a characteristic submanifold N n−1 ⊂ M is defined in the following way (see [3, §5] 
Let † ∈ {+, −}. A Pin † -structure on a vector bundle ξ over a space X is the fiber homotopy class of lifts of the classifying map c E : X → BO.
Lemma 2.7. [5, Lemma 1] (1) A vector bundle E over X admits a Pin † -structure if and only if q with the unit sphere S 7 ⊂ C 4 , is shown to be diffeomorphic to S 5 for q odd and diffeomorphic to S 2 × S 3 for q even. The involution
is free on Σ 
Therefore, by the classification theorem of Smale [11] ,
is trivial (cf. [6, pp. 6-7] ). The manifolds Y i and Z j are sphere bundles over projective spaces. Their homology groups and characteristic classes can be computed by standard methods. Especially we have
3. Bordism and Surgery §3A. Modified surgery. The classification of free involutions on a manifold is equivalent to the classification of the quotient manifolds. For involutions on the spheres S n , the quotient spaces are all homotopy equivalent to RP n . Therefore the classical surgery program can be applied to the classification problem of the quotient spaces ( [14, §14D] ).
For free involutions on S 2 ×S 3 , the homotopy type of the quotient spaces is not constant. However, the lower Postnikov system and the normal data of the quotient spaces are relatively simple. This is appropriate for the settings of the modified surgery program in [8] . In this subsection we briefly describe the modified surgery program. For the sake of simplicity, we only consider 5-dimensional manifolds here. 
The obstruction group L 6 (π 1 (B), w 1 (B)) is related to the ordinary Wall's L-group in the following exact sequence w 1 (B) ). According to [14] , the elements in L The fibration B is called the normal 2-type of M if p is 3-coconnected. This is an invariant of M. By this proposition, the solution to the classification problem consists of two steps: first we need to determine the normal 2-types B for the 5-manifolds under consideration. The second step is to compute the corresponding bordism groups Ω (B,p) 5
. §3B. Normal 2-types. In this subsection we determine the normal 2-types of the quotient manifolds of smooth free involutions on S 2 × S 3 .
Let p 2 : B Spin → BO be the canonical projection, ⊕ : BO ×BO → BO be the H-space structure on BO induced by the Whitney sum of vector bundles. Let η be the canonical real line bundle over RP ∞ . Let π : P 2 (M) → RP ∞ be the projection in the Postnikov tower, L = π * η be the pull-back line bundle and kL be the Whitney sum of k copies of L. Let f 2 : M → P 2 (M) be the second stage Postnikov map.
Consider the fibration . To apply Proposition 3.1, according to the normal 2-types given above and Lemma 2.4, 2.5, 2.6, we need to compute the following bordism groups Ω (B,p) 5
• Ω Each black dot denotes a copy of Z/2 and the circle denotes a copy of Z.
(1) For k = 1, the differential d 2 : E 
It is shown in [10] that Sq 1 q = Sq 2 q = 0 (using the fact the Q ≃ CP ∞ /τ and there is a fiber bundle 
•t t t t t t t t t t t d d
• y y y y y y y g g • •c c
• t t t t t t t t t t t d d
Each black dot denotes a copy of Z/2. (Q), we may assume that f * is an isomorphism on π 1 . Then f induces a map between the fibrations X → X → RP ∞ and CP ∞ → Q → RP ∞ . By comparison of the cohomology Serre spectral sequences with Z/2-coefficients for these fibrations, it's easy to see that f * (q) = 0. Then the edge homomorphism is trivial and the two differentials in the Adams spectral sequence are nontrivial. Hence Ω . If π 1 (X) ∼ = Z/2, then changing the spin structure on X will change the induced spin structure on f −1 (s 0 ), thus different spin structures on X correspond to different elements in Ω The E 2 -terms of the Atiyah-Hirzebruch spectral sequence are E 2 p.q = H p (P ; Ω 
